Abstract. We show that for a closed n-manifold N admitting a quasiregular mapping from the Euclidean n-space the following are equivalent: (1) order of growth of π1(N ) is n, (2) N is aspherical, and (3) π1(N ) is virtually Z n and torsion free.
Introduction
In this note we consider closed Riemannian manifolds N admitting a quasiregular mapping from R n , i.e. quasiregularly elliptic manifolds. A nonconstant continuous mapping f : R n → N is (K-)quasiregular if f belongs to the Sobolev space W In dimensions n = 2, 3, closed quasiregularly elliptic manifolds are fully understood. In dimension n = 2, the manifolds are the 2-sphere S 2 and the 2-torus T 2 by the uniformization and the Stoilow factorization. In dimension n = 3, the possible closed targets of quasiregular mappings from R 3 are S 3 , S 2 × S 1 , T 3 , and their quotients. The completeness of this list follows from the geometrization; see Jormakka [13] .
By Varopoulos' theorem [21, pp. 146-147 ] a quasiregularly elliptic nmanifold, n ≥ 2, has the fundamental group of polynomial growth of order at most n. In particular, the fundamental group is virtually nilponent by Gromov's theorem.
Our main theorem is the following characterization of quasiregularly elliptic manifolds which are extremal in the sense of Varopoulos' theorem; recall that a manifold N is aspherical if π k (N ) = 0 for k > 1. Theorem 1.1. Let N be a closed quasiregularly elliptic n-manifold. Then the following are equivalent:
(1) ord(π 1 (N )) = n, (2) N is aspherical, and (3) π 1 (N ) is virtually Z n and torsion free.
Given the classification of quasiregularly elliptic manifolds in dimensions n = 2, 3, we conclude that, in these dimensions, the manifold N satisfying (1) is a quotient of the n-torus T n . For n ≥ 5, by deep rigidity theorems of Hsiang and Wall [12] and Farrell and Hsiang [7] conditions (2) and (3) imply that N is a quotient of T n ; see also Freedman and Quinn [8, Section 11.5] for the extension to n = 4. Since the n-torus has a unique Lipschitz structure for n ≥ 5 by Sullivan's theorem [19, Theorem 2] , we have the following corollary. Corollary 1.2. Let N be a closed quasiregularly elliptic n-manifold, n ≥ 2, with ord(π 1 (N )) = n. Then there exists a covering map T n → N . For n = 4, there exists a locally bilipschitz covering map T n → N . In particular, we obtain a partial answer to a question of Bonk and Heinonen [3, p. 222] .
Finally, Theorem 1.1 bears a close resemblance to a result of Gromov on elliptic manifolds [9, Corollary 2.43]: The fundamental group of a closed aspherical elliptic manifold is virtually Z n . A manifold N is called elliptic if there exists a Lipschitz map R n → N of non-zero asymptotic degree. We refer to [9, Section 2.41] for a detailed discussion on elliptic manifolds. By Theorem 1.1, for quasiregularly elliptic manifolds, the topological assumption on asphericality can be replaced by the geometric assumption on the Euclidean volume growth of the universal cover.
1.1. Sketch of the proof of Theorem 1.1. The main content of Theorem 1.1 is that (1) implies (2). Well-known arguments in cohomological group theory show that (2) implies (3). Condition (3) trivially implies (1) .
The rest of the paper is devoted to the proofs of implications (1)⇒(2) and (2)⇒(3). In Section 2 we discuss the observation that the universal coverÑ of N is a Loewner space in the sense of Heinonen and Koskela [11] . The proof is based on verification of (1, n)-Poincaré inequality onÑ . Using a similar argument as in [15] , we give a simple proof for a (1, 1)-Poincaré inequality oñ N , which yields the required (1, n)-Poincaré inequality trivially; note that Saloff-Coste's (2, 2)-Poincaré inequality for π 1 (N ) in [15] also suffices.
Using the Euclidean volume growth and the Loewner property ofÑ, we show that there exists a proper map R n →Ñ and that N is aspherical. Finally, in Section 4, we discuss the implication that asphericality of N virtually detects the group π 1 (N ).
The Loewner property
whenever E and F are two disjoint, nondegenerate continua in X and
Here mod n (E, F ) is the n-modulus of the family Γ(E, F ) of all paths connecting E and F , that is,
where the infimum is taken over all nonnegative Borel functions ρ :
for all locally rectifiable paths γ ∈ Γ(E, F ).
In this section, we consider the Loewner property of universal coversÑ of closed Riemannian manifolds N satisfying ord(π 1 (N )) = n. The Riemannian metric induced by the coveringÑ → N makesÑ as a geodesic metric space with Euclidean volume growth, that is,Ñ is Ahlfors n-regular :
for every ball B(x, r) inÑ of radius r > 0 about x ∈Ñ . It seems that the following theorem has gone unnoticed in the literature although it is well-known to the experts. for all x ∈Ñ , r > 0 and f ∈ C ∞ (Ñ ). Here we denote by f B(x,r) the average B(x,r) f (y) dy.
The weak (1, n)-Poincaré inequality follows directly from Kleiner's weak (2, 2)-Poincaré inequality in [15, Theorem 2.2.] by Hölder's inequality. Laurent Saloff-Coste's argument in [15] can, however, be used to show also that N satisfies a weak (1, 1)-Poincaré inequality. Since we have not seen this explicitly stated in the literature, we give a short proof along the lines of [15] . for all x ∈Ñ , r > 0, and f ∈ C ∞ (Ñ ). for all r > 0, x ∈ Γ, and f : Γ → R.
Proof. We fix for each g ∈ G a geodesic γ g : {0, . . . , |g|} → Γ in Γ connecting the neutral element e of Γ to g.
For any r > 0 and y ∈ B(x, r) the mapping
is at most (r + 1)-to-1. For every y 0 ∈ B(x, r), we have
On the other hand,
This proves the claim.
Proof of Theorem 2.2. For every r > 0, the universal coverÑ satisfies the local (1, 1)-Poincare inequalitŷ
for f ∈ C ∞ (Ñ ), where β depends on r; see Kanai [14, Lemma 8] .
Since π 1 (N ) has polynomial growth, the ratio V (2r)/V (r) is uniformly bounded for all x ∈ π 1 (N ) and r > 1. Thus, by Theorem 2.3, there exists C > 1 so that
The claim now follows from [6, Théorème 7.2. (3)].
This concludes the proof of Theorem 2.1.
Euclidean volume growth and asphericality
In this section we show that a closed quasiregularly elliptic manifold with maximally growing fundamental group is aspherical. We obtain this result by combining the following lemmas. J f ≤ Cr n where C > 0 is a constant independent of the ball B n (x, r) ⊂ R n . Letf be a lift of f into the universal coverÑ of N . Since the universal covering map is a local isometry, alsof satisfies inequality (3.1).
SinceÑ is Ahlfors n-regular and n-Loewner, we have that, for every a ∈ N , d(f (x), a) → ∞ as |x| → ∞ by Onninen-Rajala theorem [17, Theorem 12.1] . Indeed, (a) in [17, Theorem 12.1] can be replaced with (3.1); see Lemma 12.13 and (12. 3) in [17] . Thusf is a proper map. Proof. Suppose there exists k ≥ 2 for which π k (N ) = 0. Let k ≥ 2 be the smallest such index. We also fix an orientation preserving proper map f : R n → N .
Then, by the Hurewicz isomorphism theorem, π k (N ) is isomorphic to
, since f is a branched cover. This is a contradiction, since f * c = 0. Thus π k (N ) = 0 for all k ≥ 2.
Closed aspherical quasiregularly elliptic manifolds
In this section we show that (2) implies (3) Since π 1 (N ) has polynomial growth, it is virtually nilponent. LetN be a finite cover of N having nilponent fundamental group. Then π 1 (N ) has a lower central series 
